Abstract A set of qubit channels has a classical representation when it is isomorphic to the convex closure of a group of classical channels. From Crowder and Martin (Proceedings of Quantum Physics and Logic, Electronic Notes in Theoretical Computer Science, 2009), we know that up to isomorphism there are five such sets, each corresponding to either a subgroup of the alternating group on four letters, or a subgroup of the symmetric group on three letters. In this paper, we show that the classical representation of a qubit channel also carries its information theoretic data-in particular, both the Holevo capacity and the scope of a unital qubit channel can be completely calculated from a systematically determined classical channel.
of a qubit channel solely from its classical representation? Or its scope? Surprisingly, in this paper, we shall see that the answer to questions along this line is yes.
The reason is that the isomorphisms associated to the five groups are all defined by conjugation, so almost anything about a qubit channel can be determined from its classical representation. This includes its eigenvalues and singular values, which are the numbers needed to calculate both the capacity and scope of a unital qubit channel. This raises the question of which types of qubit channels have a classical representation, and we shall prove that the following all do: projective measurements, the teleportation channels, and both the symmetric and skew-symmetric channels.
Classical Representations
Let (m, n) denote the set of stochastic matrices with m rows and n columns; these are classical channels with m inputs and n outputs that may be subjected to a form of noise. A qubit channel models the effect of an environment on a quantum system. Assuming the system and environment are initially separate, the set Q of qubit channels consists of all affine transformations of the unit ball in R 3 which arise as the Bloch representations of the convex linear, completely positive, trace preserving maps on 2 × 2 density matrices.
In the following, all subgroups of matrices are assumed to have matrix multiplication as the group operation, the identity matrix I as the group identity and to be nontrivial. The convex closure of a group G is denoted G .
That is, an embedding is an injective, convex-linear homomorphism. The set of qubit channels ϕ( G ) is then said to have a classical representation.
In [5] , it is shown that there are essentially five distinct sets of qubit channels that have classical representations, each corresponding to either a subgroup of A 4 or a subgroup of S 3 . We now state this result precisely. Let A 4 denote the set of even permutations in (4, 4) , called the alternating group on four letters. Explicitly, its involutions are 
And, using the natural copy {I 3 , a, a 2 , b, c, d} ⊆ (3, 3) of the symmetric group on three letters, we define the unorthodox copy of S 3 ⊆ (5, 5) given by
In [5] , the following theorem is proven:
denote the alternating group on four letters and S 3 ⊆ (5, 5) denote the unorthodox copy of the symmetric group on three letters. Then
n) is a group for which such an embedding exists, then G is isomorphic to either a subgroup of
Notice a subtlety in the last theorem: we must use an unorthodox copy of the symmetric group on three letters, the natural copy does not work. One way to see this is to notice that every copy of the symmetric group S 3 on three letters in SO(3) generates a free affine monoid S 3 , but that the natural copy in (3, 3) does not [4, 6] .
We will now see that the isomorphisms in Theorem 2.2 are much more than isomorphisms: they not only preserve algebraic structure, they also preserve information theoretic data.
An Information Theoretic Representation
An arbitrary element of A 4 can be written as
where each probability is given the same name as its associated group element. 1 The function ϕ :
is an embedding [5] .
Theorem 3.1 The embedding ϕ : A 4 → Q arises from conjugation by
H = 1 2 ⎛ ⎜ ⎜ ⎝ 1 1 1 1 1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 ⎞ ⎟ ⎟ ⎠ .
That is, if we conjugate the classical channel
.
As a consequence, f and ϕ(f ) have the same singular values, and since the singular values of ϕ(f ) determine its Holevo capacity, this quantity can also be calculated from f . In a related way, the scope of ϕ(f ) is also determined by f . To explain the latter, given a quantum channel f , any basis in the state space can be used to represent a classical bit. This implicitly defines a binary classical channel (a, b) with a = P (0|0) and b = P (0|1) whose capacity [3] is
where C(a, a) := 0 and
is the base two entropy. As we vary over every basis in the state space we get a range of capacities called the scope of a channel [7] . Like the Holevo capacity, the information theoretic data needed to calculate the scope of a unital qubit channel f ε is also present in its classical representation:
• The scope of f ε is the same as the scope of (f ε + f t ε )/2 [7] .
• The scope of the symmetric channel (f ε + f t ε )/2 is the same as the scope of the diagonal channel diag(λ 1 , λ 2 , λ 3 ), where {λ i } are the eigenvalues of (f ε + f t ε )/2 [7] .
• Each diagonal channel diag(λ 1 , λ 2 , λ 3 ) belongs to A 4 and thus has a classical representation whose eigenvalues are 1, λ 1 , λ 2 and λ 3 by the last theorem [6] .
In short, the information theoretic data needed to calculate scope is preserved by the embedding of A 4 into Q.
We can obtain a similar result for the unorthodox copy of S 3 . Using the notation from Sect. 2, we write an arbitrary element of S 3 as the convex sum f = x 0 I + x 1ā + x 2ā 2 + x 3b + x 4c + x 5d . The function ϕ :
is an embedding [5] . Just as was the case with A 4 , it is not at all obvious that the information theoretic properties of ϕ(f ) can be determined from f , but once again, they can be:
Theorem 3.2 The embedding ϕ : S 3 → Q arises from conjugation by
T = ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 1 √ 2 1 √ 2 0 0 0 0 0 1 √ 3 1 √ 3 1 √ 3 1 √ 6 − 1 √ 6 0 − 1 √ 3 1 √ 3 1 √ 6 − 1 √ 6 1 √ 3 0 − 1 √ 3 1 √ 6 − 1 √ 6 − 1 √ 3 1 √ 3 0 ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ .
That is, if we conjugate the classical channel
by T , we obtain
Type
In an effort to better understand A 4 and S 3 as forms of quantum structure, we now take a closer look at the kinds of channels they contain.
Definition 4.1 A qubit channel f is said to be of type G when it belongs to G for some finite subgroup G ⊆ SO(3).
First, notice that a channel can have multiple types. For example, a channel could be of type Z 2 and A 4 . Second, this definition does not depend on the particular representation of the group used: if F and G are finite isomorphic subgroups of SO (3), then they are conjugate [1, 4] , and thus F G . In particular, such an isomorphism preserves both scope and Holevo capacity.
Theorem 4.2 Let f be a unital qubit channel.
(
Any rotation f ∈ SO(3) of order four has neither type A 4 nor type S 3 .
Proof (1) If f is symmetric then there is an r ∈ SO(3) such that rf r t is diagonal. From the discussion in the last section, rf r t ∈ A 4 . Since r t A 4 r A 4 , f is of type A 4 .
(2) By idempotence, if f = 0, then f ≥ 1. However, since f is unital, it is nonexpansive in the Euclidean norm [7] , which means f = 1. From standard results in functional analysis (Prop. 3.3 of [2] ), such an idempotent is symmetric. By (1), this finishes the proof. In particular, every idempotent is either zero or conjugate to a projective measurement in the "standard basis." (3) Let f be a skew-symmetric unital channel, i.e., for some a, b, c ∈ R,
we see that
where 4 ) by taking two of the probabilities in the convex sum to be 1/2 and all others to be zero: for E 12 , take c = d = 1/2; for −E 12 , take a = b = 1/2; for E 21 , take c 2 = d 2 = 1/2; for −E 21 , take a 2 = b 2 = 1/2. Then since |x| ≤ 1/2, s is a convex sum of two matrices in the set {±E 12 , ±E 21 }, which means s ∈ ϕ( A 4 ), finishing the proof.
With regards to the last statement, the alternating group on 4 letters and the symmetric group on 3 letters contain no elements of order 4. In order then, the following all have type A 4 : (i) projective measurements, (ii) the symmetric channels, which are the channels that determine Holevo capacity and scope, (iii) the nonzero skew symmetric channels, which are precisely those with scope [0, 0] but positive Holevo capacity. Thus, A 4 contains a wide range of behavior, including the teleportation channels that arise when one uses a pure source of entanglement that is not necessarily maximal [6] .
Closing
A major goal is to try and determine the physical significance of the five groups. For instance, we can think of Z 2 as being a "bit flip" or a "phase flip," while Z 2 × Z 2 can be thought of as the process of teleportation [6] . We know less about Z 3 and A 4 in general and almost nothing about S 3 , except that it is the free affine monoid over the symmetric group on three letters.
